NSF-ITP-93-65 
QMW-93-14 
hep-th/9305098 
May 1993 

NEW REALISATIONS OF MINIMAL MODELS 
AND THE STRUCTURE OF W-STRINGS 

C. M. Hull 

Physics Department, Queen Mary and Westfield College, 
Mile End Road, London El 4NS, United Kingdom. 

and 

Institute for Theoretical Physics, University of 
California, Santa Barbara, CA 93106, USA. 

ABSTRACT 

The quantization of a free boson whose momentum satisfies a cubic constraint 
leads to a c = ^ conformal field theory with a BRST symmetry. The theory 
also has a Woo symmetry in which all the generators except the stress-tensor are 
BRST-exact and so topological. The BRST cohomology includes states of confor- 
mal dimensions 0, ^, together with 'copies' of these states obtained by acting 
with picture-changing and screening operators. The 3-point and 4-point correla- 
tion functions agree with those of the Ising model, suggesting that the theory is 
equivalent to the critical Ising model. At tree level, the Wz string can be viewed as 
an ordinary c = 26 string whose conformal matter sector includes this realisation of 
the Ising model. The two-boson string is equivalent to the Ising model coupled 
to two-dimensional quantum gravity. Similar results apply for other W-strings and 
minimal models. 



1. Introduction 



There are an infinite number of extended conformal algebras - super-conformal 
algebras, W-algebras, topological conformal algebras, fractional supersymmetry al- 
gebras etc - and it seems that corresponding to each of these one has the possibility 
of constructing a generalisation of string theory. An important question is whether 
these are really fundamentally new string theories, or whether they are equivalent 
to ones that are already known. The first step in the construction of such the- 
ories is to promote the semi-local extended conformal symmetry of some matter 
system to a fully local symmetry by coupling to world-sheet gauge fields (super- 
gravity, W-gravity, topological gravity etc). For the case of the W3 algebra [1], the 
corresponding W-gravity theory was constructed in [2] and it was subsequently 
shown that this construction will work for any extended conformal algebra [3,4]. 
Quantising this system defines a generalised string theory (superstring, W-string, 
fractional superstring etc) and the string theory will be critical if the matter sys- 
tem is chosen in such a way that all anomalies in the local gauge symmetries are 
cancelled by ghost contributions. For non-linearly realised symmetries of the type 
that arise in W-gravity, the cancellation of anomalies is much more delicate than 
in the usual string and superstring theories [5] . For the W3 algebra, it was finally 
shown [6] that all anomalies will cancel if the matter system is a c = 100 realisation 
of W3, and the physical states correspond to the cohomology classes of the BRST 
operator constructed in [7], as anticipated in [8]. A c = 100 realisation of Ws can 
be constructed by taking any conformal field theory with c = 25^ and adding to 
it a single free boson with background charge [9], and all c = 100 realisations that 
are known take this form. 

A similar construction works for many other extended conformal algebras. For 
example, to construct a critical Wn string theory, it is necessary to find a matter 
theory with Wn symmetry whose central charge takes the critical value = 
2{N — 1) (2 A^^ -I- 2 A^ + 1) ■ One way of attaining such a reahsation is given by taking 
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an arbitrary conformal field theory with central charge 

and adding N — 2 free bosons (f)°' (a = 1, . . . , N — 2) with background charge. 
Remarkably, c — 26 — cj^-min where CN-min is the central charge of the A^'th 
minimal model. In the last year or so, a large amount of effort has been devoted to 
the spectra and interactions of such theories [11-21]; in the case of the W3 string, 

the spectrum is now known explicitly for the first few levels, suggesting some 
interesting conjectures which have so far not been proven (beyond the first few 
levels). It appears that in each case the physical states can be constructed from 
the primary fields of the effective theory with central charge c whose conformal 
dimensions are 

A = 1 - (1.2) 

where h^g are the weights of the A'"'th minimal model. This suggests a close 
relation between the Wn string and the A'"'th minimal model [10-21], and there are 
generalisations of this construction which correspond to minimal series for other 

W-algcbras [13].* These results suggest that there might be a sense in which such 
W-strings could be regarded as ordinary c = 26 strings in which part of the matter 
sector is taken to be a minimal model [21], but it has not been clear how this could 
be done. 

The purpose of this paper is to show that it is indeed the case that 1^-strings 
can be thought of as ordinary strings with minimal-model sectors, and to inves- 
tigate the new realisations of minimal models that arise in these theories. The 
realisation of the Ising model that occurs in the string will be analysed in de- 
tail, drawing heavily on the results for the spectrum and interactions of the 
string derived in [11-21]; indeed, some of what follows is implicit in the work of 

★ Note that the values of the central charges and intercepts given by (1.1), (1.2) are the only 
ones for which it is possible to have a unitary conformal field theory with 25 < c < 26 [28] . 
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(1.1) 



[11-21], but the reformulation given here considerably clarifies the structure of W- 
strings and will be used to analyse the complete spectrum of the theory. A key 
ingredient is the fact that, after a field redefinition, the structure of 14^3 strings 
based on the Ws repersentation of [9] simplifies dramatically and the BRST charge 
for Ws strings can be written as Q — Q + Qq where Qq is the standard bosonic 
string BRST operator and Q acts only on the ghost system for the spin-three sym- 
metry and the single free boson [19,23]. The result of the analysis indicates that, 
at least at tree level, the Wn strings that have been constructed so far can be 
viewed as ordinary string theories in which the matter sector consists of a minimal 
model plus an arbitrary conformal field theory with central charge (1.1). 

This can be understood as follows. The Ws string is constructed from a matter 
system M with c = 100 that has Ws symmetry, together with the usual c = —26 
6, c ghost system, and a, c — —74 W-ghost system /3, 7. These fields can be re- 
organised into the be ghosts plus the c — 26 system (M, /3,7), so that at tree 
level the theory is a conventional string which happens to have a particular type 
of matter system with extra symmetry (in the same sense in which a superstring 
can be regarded as a conventional (c = 26) string in which the matter sector 
consists of a c = 11 commuting (3'y system, plus a c = 15 conformal field theory 
which has extra super-conformal symmetry). However, the only c = 100 conformal 
field theories with W3 symmetry that are known are constructed from a c — 25^ 
conformal matter system X, which need have no extra symmetry, plus a single 
boson (f) with background charge and c = 74^. The ((f), (3, 7) system has c—^ and 
will be shown in this paper to be essentially the Ising model at its critical point. 
The spin-three symmetry acts entirely in the (0, (3, 7) system, and no restrictions 
are imposed on the c = 25^ conformal matter system X. Thus the reducibility 
of the theory is a consequence of the reducibility of the particular representation 
of the c = 100 Ws algebra that is used, and would not hold for a matter system 
that did not reduce in this way. Even for the reducible cases, it may often be 
convenient to consider such models from the viewpoint of W-strings, so that the 
extra symmetry that arises for these particular cases of the bosonic string is more 
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manifest and can be used to organise the analysis. It remains to be seen whether 
this view-point can be apphed at higher genus or whether, when moduh are taken 
into account, the theories are really distinct. 

2. Free Field Realisation of the Ising Model 

Consider a conformal theory consisting of a free boson (f) and a ghost/anti-ghost 
system /3, 7 where /3, 7 are anti-commuting and have spins 3 and —2, respectively. 
The stress-tensor is 

T = T^ + Tp^ (2.1) 

where 

= -U(t>d4> - qd^(f>, Tp^ = -3/3^7 - 29/37 (2-2) 

and g is a background charge. The central charge of the 13, 7 system is cp^ = —74, 
while the scalar field central charge is = 1 + 12g^. Choosing — ^ gives 
C0 = 74^ so that the total central charge of the 0, /3, 7 system is 5. This free field 
theory can be quantised in the conventional way to give a non-unitary reducible 
conformal field theory with c—^. The theory has a conserved primary spin-three 
current given by 

W'f> = ^ {d<pf + qd^<pd<P+(^^-^^dU (2.3) 
^ QYj + 2Ydj, Y = ^(390/3 + qdp) 

The commutator [1^(2;), l^(w)] can be written in terms of T and a spin- four current 
lyW, andiyW 

can be written as a sum of terms each of which involves either W or 
/5. Indeed, the currents T,W,f3 generate a closed W-algebra with field- dependent 
structure functions. Alternatively, one can regard W^"^^ as an independent new 
current and closing the algebra leads to an infinite set of currents W^'^^ — ■^{d(f))'^ + 



4 



... for n = 2,3,4, .. ., with VT^^) ^ ^(3) ^ ^ ^^lese satisfy a 

algebra with c~\. 

Consider the BRST operator 

dz^ ^{dcf>f + 2qd' 



+ ( y - 4 j 5> + 2^57 + ^dpd^ 



(2.4) 



This is nilpotent if — 49/8, — 0, and commutes with the stress-tensor T, 
the spin-three current W and hence with all of the Wqo currents W^'^\ We shall 
define the physical states of our model to be the cohomology classes of Q. The 
stress-tensor is BRST non-trivial, but W is BRST exact: 



{Q,P}-w 



(2.5) 



as are all of the higher-spin currents 

foj, ^ > 3. Thus the W-sector of the 
theory is 'topological', while the ordinary sector is not (correlation functions are 
independent of any background spin-three gauge field B but not of the metric etc) . 

This theory can be thought of as arising from a model with Lagrangian 



L^d(f)d(j) + BW, W^-{d(f)f 



(2.6) 



corresponding to a free boson subject to the constraint W — imposed by the 
Lagrange multiplier B, which can be viewed as a spin-three gauge field for the 
W-gravity based on the W-algebra with the single generator W (which closes since 
[ty(2;), ly(ty)] can be written in terms of W, with field-dependent structure func- 
tions). Choosing the gauge B = and introducing ghosts f3,j leads to the naive 
('classicar) BRST current ^(90)^ + §90/3(97 [23]. A nilpotent quantum BRST 
operator is obtained by adding quantum corections to this to obtain (2.4) [23], 
and including a background charge q in the stress tensor ensures that [Q,T] = 
provided q^ — 49/8. These quantum corrections can be systematically derived as 
in [22] using the methods of Batalin and Vilkovisky [24] . 
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As [Q.T] = 0, the cohomology classes can be organised into representations 
of the Virasoro algebra so that it is sufficient to restrict attention to those classes 
represented by primary fields, as all other ones will be represented by descendents 
of these. (In fact, they can be arranged into representations of the H^oo algebra, as 
will be discussed in the next section.) 

The cohomology classes represented by primary fields all have conformal di- 
mension A given by 0, ^ or jq. The operators 

Vo = a77e-t«'^, = 9776-3'^, Vi = 76"^^'^ (2.7) 

16 2 

all represent non-trivial cohomology classes and have conformal dimension 0, jq 
and 2 respectively. These will be identified with the identity operator 1, the spin 
operator a and the energy operator e of the Ising model. The operator V± is 

16 

self-conjugate, while the conjugate of Vq is Vq — ^776" ^5"^, since Oq — qq — 2iq 
[14]. 

The picture- changing operator 

in Q 

P = [Q, <P] = -Y^dh - 2/5^77 - d(t>d<t>i + qd<t>d-f (2.8) 

clearly satisfies {Q, P} = and has dimension 0. As usual, this is not regarded 
as being BRST trivial as (j) is not a proper conformal field. Thus given a primary 
cohomology class represented by V , there is another one of the same conformal 
dimension represented by PV —: PV :, and the classes can be organised into 
doublets {V, PV} (note that PV is BRST trivial). 

In addition, there are cohomology classes represented by non-local operators; 
if a field U {z) satisfies 

[Q,C/]=9y (2.9) 

for some y, then Su — J dzU will satisfy [Q, Su] — and so will represent a 
(possibly trivial) cohomology class. Of particular interest are such classes for which 
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U has dimension one, so that the corresponding Sjj are well-defined and have 
dimension zero; these are the screening operators of the theory and play a role 
similar to the screening operators in the Coulomb gas representation of the minimal 
models [25,26]. 

The standard screening operators formed from the spin-one Virasoro primary 
fields 6*9*"^ 

^± = ^ dze''^^^, q±{q± - 2q^) + 2 = (2.10) 

do not commute with the BRST operator and so do not play a role here; the 
screening operators of this theory all take the form § dzK[j3, 7, d(j))e~^'^ for some 
momentum p and some operator K constructed from d(f), j3 and 7. The basic 
screening operators of the theory are [20] 

j dz I3e-^'i't> (2.11) 



and 

R 



j dz 7e-f 5'^, R = jdz je'^'^ (2.12) 



There are in fact an infinite number of screening operators S{n),S{n) {n — 
0,±1,±2,...) with S(0) = i?,^(0) = R,S{\) = S, which will be constructed 
presently. Given any local physical operator V{z), new physical operators can be 
constructed by acting with the screening charges S{n), S{n) and the picture chang- 
ing operator P. For a set of screening charges charges Si = ^ dzUi{z), the product 
is defined by its action on V: 

ifl SiV){z) = ^dwi^dW2... ^ dWnU{wi)U{w2) ■ ■ ■ U{Wn)V{z) (2.13) 

^ ^ Cl C2 Cn 

where the contour C„ surrounds the point z, the contour Cj surrounds Cj+i and 
all the contours are taken to touch each other in precisely one point, as in [26,20]. 
If Ui contains a factor exp{—a(f)) and V contains a factor exp{—b(f)), then SiV 
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will only be a well-defined local operator if the product of the 'momenta' ab is an 
integer, and there are similar restrictions on the momenta of the Ui and V for the 
construction (2.13) to be well-defined [20]. When a new operator obtained in this 
way is well-defined and non-zero, it will represent a non-trivial BRST cohomology 
class if the original operator V did, and will have the same conformal dimension 
as the original operator, but different momentum and ghost number in general. 

Acting with S and P on the three operators (2.7), the only local operators that 
can be constructed are defined by [20] 

V{0,n) = SPV{0,n), V{0,n) = S^PV{0,n - 1), 1/(0, 0) = Vb 
l/(l,n) = ^W(l,n-l), n^,0)=y. (2.14) 

V{l,n) = 5W(^,n- 1), V{^-,n) = SPV{^,n), V{^,0) = V. 

plus the picture-changed partners given by acting with P on each of these. The 
operator V{A,n) has conformal dimension A. This series can be extended to 
negative n by acting with R,R: 

1/(0, n- 1) oc RPV{Q,n-l) 

V{^,n-2)ccRPV{^,n) (2.15) 
V{^,n-l)cxRPV{^,n-l) 

For example, V^(0, —1) is a new physical vertex operator of conformal weight 
zero and ghost number four given by 'ydjd^^d'^ ^exp{—16q(l)/7) . The operators 
V(0, n), V(yq, n)V(^, n) have ghost numbers given respectively by 2 — 2n, 2 — n,l — 
2n and momenta given by p = iqk/7 with k given by 8 — 8n, 7 — An, 4 — 8n re- 
spectively. Thus there are operators for arbitrarily large positive or negative ghost 
number and imaginary momentum. 

The operator V{0, 1) is the identity operator 1/(0, 1) = 1, and so the whole 
family of dimension zero operators V{0,n),V{0,n) are obtained by acting on 1 



8 



with P and screening operators. The operator x = V{0. 1) also has dimension zero 
and ghost-number zero, and acts on Vq = 1^(0,0) to give xVq = Vq. The product 
x^'' will be well-defined if n = 4m or n = Am + 1 and the operators l,x^ generate 
the ground ring of the theory [15]. (The operator V{jq,2) also has ghost number 
zero.) 

Given any screening operator S — §dzU, the BRST variation of U is 
[Q, U] = dV for some V. However, this V must have dimension zero and be 
BRST-invariant, and conversely given any of the dimension-zero BRST-invariant 
operators V{0,n),V{0,n) defined by (2. 14), (2. 15), one can solve 

[Q, U{n)] = dV{Q, n), [Q, U{n)] = dV{Q, n) (2.16) 

to obtain dimension-one operators U{n),U{n). The screening charges S{n),S{n) 
are defined as the integrals of the operators U{n),tJ (n) , which are determined 
by the descent equation (2.16). Acting on the set of operators (2.7) with these 
screening operators gives no further operators; note in particular that S{2)V{0, 0) 
gives the identity operator, 1. Note also that not all of these screening operators 
are non-trivial e.g. U{1) is trivial since V{0, 1) = 1. 

Corresponding to each of the three basic operators (2.7), there is an infinite 
set of 'screened and picture-changed' versions of the same physical operator, all of 
which have the same conformal dimension, but have different ghost-numbers and 
different discrete values of the momenta in general. As in the Coulomb gas models, 
these are to be interpreted as physically equivalent versions of the three original 
operators, and the different screened versions are needed to construct amplitudes. 
All the operators are generated by the action of S, R, R, P on three basic operators, 
which can be taken to be those given by (2.7), although for some purposes it is more 
natural to represent the dimension zero operators by 1. As a result of (2. 14), (2. 15), 
the action of a string of S"s and P's, when defined, can be inverted by the action 
of appropriate i?'s and P's, and vice versa, and this gives a strong indication that 
these should be all the independent local operators and screening operators, since 
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given any vertex operator of ghost number A^, acting on it with a suitable string 
of S"s, i?'s and P's should bring it to one of low ghost number, and this should 
be one of the ones already found. Then we can invert the action of the 5"s, i?'s 
and P's by a further such string to regain the original operator, so the original 
operator can be written in terms of the action of 5"s, P's and P's on one of the 
operators in (2.7), and so must be one of the operators already constructed. To 
complete this argument, it would be necessary to show that there is no operator 
that can't be brought to one of low ghost number by the action of the screening 
and picture operators, and to complete the classification of operators of low ghost 
number begun in [10-21]. 

In the next section, further evidence will be given that the operators of the 
theory are all obtained from basic operators using screening and picture operators, 
so that the spectrum should be that of the Ising model (regarding different screened 
and picture-changed versions of a given operator as being physically equivalent). 
In section 4 the correlation functions will be considered, and shown to be consistent 
with the assertion that this constrained free field theory is equivalent to the Ising 
model. 



3. BRST Cohomology 

In this section, the BRST cohomology of the (0, /3, 7) theory will be analysed; 
further details will be given elsewhere. As all the Woo generators are Q-closed, 
[Q, W^'^^ — 0, the cohomology classes of physical operators can be organised into 
representations of the Woo algebra, so that it is sufficient to restrict attention to 

those classes represented by Woo-primary fields, as all other ones will be represented 
by desccndcnts of these. Such primary fields correspond to states |^ > that arc 
annihilated by the modes Wn™'' for n > 0, m > 2 and are eigenstates of Wq 
Since for spins m > 2 the Wqo generators are exact, Wq^^ = {Q, ^0"^''} some 
Vq'^^ it follows that any Q-closed state with non-zero Wq^^ eigenvalue A*^"*) for 
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m > 2 must be BRST trivial: 



iy(^)|^>=A("^)|*> ^ I* >= ^gy^"^)!* > (3.1) 



Thus for a state > to represent a non-trivial cohomology class, it must satisfy 
H^q"^-*!^ >= for all m > 2, but the Virasoro weight (the eigenvalue of Lq) can 
be non-zero. Furthermore, the descendents obtained by acting on such a physical 
highest weight state with polynomials in for m > 2 are all BRST trivial, so 

that the classes can be represented by l^oo highest-weight states or by the Virasoro 
descendents obtained by acting with polynomials in The representatives of 

the classes can also be chosen to have definite ghost-number and momentum p 
(the eigenvalue of ao, where an are the modes of idcf)). The spin-three constraint 
IVol^ >= then implies that the momentum p must satisfy a cubic equation, so 
that for, a fixed level and ghost number etc, the momentum must be frozen to one 
of three discrete values, and for physical states this turns out to be imaginary and 
quantised in units of g/7: p — iqN/7 for some integer N. 

Modes are defined as usual by 

n n 

T^Yl ^ = E Wnz-""-', (3.2) 

n 

n n 

Note that since each of the operators Pn,Jn is nilpotent, there is an associated 
cohomology for each and the interplay between these, the de Rham cohomology on 
the world-sheet and the Q-cohomology leads to a series of descent equations that 
play an interesting part in the analysis. 

The state space of the theory is spanned by the states 
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where \p > is the Fock vacuum with momentum p and zero ghost-number satisfying 



an\p>= f3n\p>=ln\p>= Ln\p>=Wi, ^\p>=0 

(3.4) 

{ao-p)\p >= (3o\p >= (Lo - A)|p >= 

for n > 0. For generic momenta p, we can make the following change of basis for 
n > 0: 

a-n a-n = = a-nP{n) + 

7-n 1-n = [Q, a-n] = n{dP)-n = G{n)-f-n + (3.5) 
70 ^ 70 = -Po 



where 



P{n) = {ao + i{n + l)q), 



G{n) = (n + 2) 



2 / .^ / • 19 

+ (n + 1) ( laoq - —n 



+ 



(3.6) 



(note that G{ri) contains ghost-dependent terms). For certain special discrete val- 
ues of the momentum p, P(n) or G{n) will vanish for some n and for those momenta 
this change of basis is singular and extra discrete states can arise. However, for 
any value of p not lying in this discrete set, a basis of states with that momentum 
is given by those of the form 

^— ni^— n2---^— rir-/^— mi/^— m2---/^— m37— pi7— P2---7— pJP (3-7) 

where \p > is now taken to satisfy (3.4) with a, 7 replaced by a, 7. The advantage 
of this basis is that dn and 7„ ( ant i-) commute with Q. There will also be certain 
discrete values of the momenta at which W-algebra singular vectors occur, as we 
shall see below. However, first we will deal with the case of generic momenta 
at which the change of basis is non-singular and there are no W-algebra singular 
vectors. For such generic momenta, 7_„ is BRST exact for n > and {Q, P-n} — 
W-n is a non-singular operator, and it is then straightforward to argue (using 
e.g. the methods of [27]) that the BRST classes can be represented by states 
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involving no /9-n, 1-n oscillators for n > 0. This leaves the states \p > and the 
descendents obtained by acting on these with the a.„ = L_n and the picture- 
changing operator 70 = Pq- Acting with Pq more than once gives a BRST trivial 
state, so the physical states fit into picture-changed doublets {|^ >, >}. These 
descendents will represent non-trivial Q-cohomology classes if and only if the state 
\p > does. The constraint Wo\p >— gives a cubic equation for p whose solutions 
are p — iq, Siq/7 and these are the states \p > given by acting on the SL{2) 

invariant vacuum \ fl >— /3_i/3_2|0 > with Vj_, Vb,Vb and their P-doubles. They 

16 

are BRST invariant and represent non-trivial cohomology classes. 

All other physical states must occur at those discrete values of the momentum 
at which either the change of basis is singular, or there are singular vectors. (Note 
that the values of these discrete physical momenta depend on the ghost number 
in general.) In each case the extra discrete states fit into multiplets consisting of 
a highest weight state, together with the descendents obtained by acting with the 
L_„, plus the doubles obtained by acting once with Pq. 

The Jacobian for the change of basis a_„ — > L^n will vanish when P(n) does, 
i.e. for momenta given by p = —{n + l)iq for some integer n. For these momenta, 
there are Virasoro singular vectors and so there are states in the scalar Fock space 
that are annihilated by linear combinations of the Virasoro generators, so that the 
Verma module generated by the does not fill the Fock space. For momentum 
p = —{n + l)iq, this means that the argument eliminating the oscillator breaks 
down and there is the possibility of extra physical states involving that oscillator. 

The next possibility is that the change of basis 7 — > 7 is singular, will occur 
for momenta and ghost numbers at which G{n) vanishes for some n. This will 

occur if there are states that are annihilated by some function of the 7_^i in a 
non-trivial way. For example, given a Q-closed state > satisfying 7-n|^ >= 0, 
the state a-nl"^ > will also be Q-closed. More generally, given a state |^ > 
which is annihilated by some function / of the 7 given by / = j-n + ... for 
some n and which is not of the form |^ >= 7-n|© > +■■■, there should be a 
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physical state of the form a-^l^ > +••• If G{n) ^ 0, then a-ri|^ >= Q\Q > +... 
where |0 >= {n)~^ a^^f^nl"^ > +••• so such states can only be non-trivial when 
G{n) = 0, and reflect the singularity of the change of basis. 

Finally, there there are the momenta at which the argument eliminating the 
ghost, anti-ghost or scalar modes might break down, due to the presence of singular 
vectors of the VK-algebra. Consider, then, the momenta at which Woo singular 
vectors occur. These correspond to states in the Fock-space which are annihilated 
by polynomials in the Woo generators W^\ Consider first the simple case of 
momenta at which there is a state |^ > annihilated by one of the modes of the 
spin-three current, VT-^I^^ >= 0. Then the argument leading to the elimination of 
the corresponding anti-ghost breaks down and the state /9-n|^ > represents 
a new non-trivial cohomology class. However, since is nilpotent, it is not 
necessary for > to be annihilated by Q for this to work; it is sufficient that the 
state satisfy the descent equation 

g|* >= > (3.8) 

for some |$ >, as this implies Q(3-n\^ >— W-n\^ > which vanishes. 

The general situation is that in which a state is annihilated by some polyno- 
mial f{W-n, P-m, 1-r-i L-s)', nothing extra is gained by including the modes of the 
higher spin currents W^^\ as these can all be rewritten in terms of multiple com- 
mutators of the modes of W, as Wn^ arises in the commutator [W^f , VF^l^''] ■ For 
a state > annihilated by a polynomial / = W-n + it is expected that there 
should be a physical state of the form P-n\^ > and in general such states can 
be constructed perturbatively. 

As a first example, the (non- physical) state \p > with p — 4iq/7 satisfies 

(W^_i-AL_i)|p>=0 (3.9) 
with A = — 12g/7, suggesting that we consider the state /3_i|4ig/7 >; this is in fact 
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physical without any further modification as Q\4:iq/7 >= A7o|4ig/7 >. This gives 
the physical state /3_i|4ig/7 >= Vi\fl >. 

As another example, the (non-physical) zero- momentum state |0 > is annihi- 
lated by an operator of ghost- number —1, as it satisfies 



This implies that there is a physical state at ghost-number —2 given by /5^i/3_2|0 >, 
which is precisely the SL{2) invariant vacuum. The constraint on the ghost-number 
zero state |0 > appears to have non-trivial ghost-dependence, but the situation 
becomes clarified by rewriting (3.10) in the form 



which is a conventional (ghost- independent) constraint on the state /3_i|0 > of 
ghost number —1. Prom (3.11), we see that there should be a physical state of 
the form /3_2/3-i|0 > -|-..., and again it turns out that no further corrections are 
needed, so that \Q >= /5_2/3-i|0 > is a physical state, the SL(2) invariant vacuum. 
More generally, given a W-algebra singular vector of ghost number N, there should 
be a physical state at ghost number N — 1 and it appears that the physical states 
constructed in the last section can be viewed as arising in this way. 

In this section it has been seen that extra physical states arise only from singu- 
lar vectors of the 1^-algebra, or from singular vectors of the 7_n operators. Prom 
the last section, it was seen that the same physical states can be constructed using 
screening operators, so that there should be a screening charge construction of the 
W-algebra singular vectors, generalising the screening charge or vertex operator 
construction of Virasoro singular vectors [28]. To complete the analysis requires 
a classification of such singular vectors or the corresponding screening operators 
and work in that direction is currently in progress. However, the picture that is 
emerging supports the conjecture that all the physical operators are obtained by 



{P-iW-2 - - 12g/3_i/3_27o)|0 >= 



(3.10) 




(3.11) 
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acting on the three basic operators (2.7) with screening and picture-changing op- 
erators, so that there are just three physical operators in the theory. Note that one 
might also regard the theory as the Ising model tensored with a c = conformal 
theory whose spectrum consists of an infinite number of discrete ground states of 
zero conformal weight, giving an infinite number of copies of each of the three Ising 
operators, and that the Ising model emerges on identifying the copies of each Ising 
operator, i.e. by factoring out the discrete theory. It is important to check that 
identifying the different operators of a given spin gives a sensible well-defined the- 
ory; in the next section we will check that the correlation functions are well-defined 
and agree with those of the Ising model. 



4. Correlation Functions 

Since the model in question is a free field theory, it is straightforward to cal- 
culate correlation functions. Consider first the partition function. Choosing one 
representative for each of the three physical operators, the analysis of [16] suggests 
that the partition function of the 0, /9, 7 theory should be precisely that of the 
Ising model. Consider next a tree-level A'"-point correlation function involving A^o 
vertices Vq, N±_ vertices V±_ and A^^i vertices Vi with N — Nq + N± + Ni. This will 

16 16 2 2 16 2 

vanish unless one includes appropriate insertions of the picture-changing operator 
P (as in fermionic strings) and of the screening charges (as in the Coulomb gas 
construction). For any amplitude, it is sufiicient to include Np picture-changing 
operator insertions and Ns insertions of the screening operator S to obtain the 
free-field correlation function 

< n\Voizi)...Vo{zN,)V^{wi)...V^{wN, )Vi(yi)...Vi(t/ArjP^--S^^|Jl > (4.1) 

16 16 ^ 2 2 ^ 

where jfi > is the product of the zero- momentum Fock-space vacuum and the 
SL{2,R) invariant vacuum of the ghost system. The operators Vq,V±,Vi, S, P 
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have momenta 8iq/7j iq, 4ig/7, —2iq/7, and ghost-numbers 2, 2. 1,-1,1 resepcec- 
tively. Momentum conservation* in the presence of a background charge q imphes 
that the amplitude vanishes unless j{8Nq + Nj_ + ANi — 2Ns) = 2, so that the 
number of screening charges is fixed to be 

Ns^l (SNq + N±+4:Ni)-7 (4.2) 

2 16 2 ' ^ ' 

For any operator X, the expectation value < 0|X|0 > will vanish unless the ghost 
number of X is 5; this can be thought of as the condition that the insertion of X 
cancels the effect due to the anomaly in the conservation of ghost-number. This 
will be the case if 2No + 2N± + Ni - Ns + Np ^ 5, which together with (4.2) 

16 2 

fixes the number of picture-changing operators to be 

Np = 2No + -N± + 3iVi - 2 (4.3) 

2 16 2 

The amplitude is independent of the positions at which the picture-changing op- 
erators are inserted, as 

P{z2) - P{zi) = [Q,K], K = J dwd<p{w) (4.4) 

Zl 

and the insertion of a BRST-exact operator into a correlation function of physical 

operators gives a vanishing result. Thus all that remains to determine the ampli- 
tude (4.1) is the choice of contours for the screening charges S. Following [25,20], 
this is done by acting with as many as possible of the factors of S to convert the 
operators (2.7) to ones of the form (2.14), and then using crossing symmetry and 
unitarity to fix the remaining ones. 

7k- Strictly speaking, the integration over the bosonic zero mode does not give a momentum- 
conserving delta function since the momenta are imaginary. For the present purposes, we 
restrict ourselves to the resonant amplitudes which conserve momentum. 
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The calculations of all three-point and four-point correlation functions are con- 
tained as special cases of the calculations given in [17,18,19,20] and in all cases they 
agree with the corresponding Ising model correlation functions. The Ising correla- 
tion function for A^o identity operators, Ni_ spin operators and A^i energy operators 

16 2 

is given by (4.1) where the number of screening charges and picture changing oper- 
ator insertions is fixed by (4. 2), (4. 3). No other kinds of screening operators appear 
to be necessary. In particular, the three-point functions give the correct fusion 
rules for the Ising model [17] 

1x1 = 1, a X a ^ 1 + e , 

1 X a = a , a X e = a , (4.5) 
1 X e = e , s X e = 1 . 



As an example, consider the correlation function of four spin-half operators. 
This requires the insertion of one screening operator S and two picture changing 
operators. Using one V(^,0) — SP(Vi) operator and one PVi operator, it is 
straightforward to bosonise the ghosts and calculate the correlation function as in 
[17] to give 



< Q\Vi_{zi)Vi{z2){SPVi_){z3){PVi_){z4)\n > 

= 2{zi2Zi3ZuZ23Z24Z34)~^^^X-^/^{l - x)-^/^{l - X + X^] 



where 



(4.6) 



^12^34 -X 

Zij ^ Zi- Zj, X = (4.7) 

^13^24 

and this agrees with the corresponding Ising model correlation function. 
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5. Wa-Strings 



To attempt to construct a critical string theory, one can now add to the 0, (3, 7 
reahsation of the Ising model an extra conformal matter sector (whose fields we 
denote generically by X) with stress tensor Tx and the usual ghosts 6, c with stress 
tensor The standard BRST charge 



will then be nilpotent provided that the total matter central charge is 26, i.e. 



this BRST charge anti-commutes with Q so that one can define the total BRST 
charge 



and this is iteslf nilpotent. The theory given by the matter sector X, 0, the ghost 
sector 6, c, 7 and the BRST charge (5.2) is precisely the Ws string theory of [6] 
(after a canonical change of variables given in [19]), with physical states identified 
with the cohomology classes of (5.2). Moreover, the matter system (X, 0) is a 
conformal field theory with c = 100 and is a reahsation of the c = 100 W3 algebra 
constructed by Romans [9]; this is the most general c = 100 reahsation that has so 
far been constructed and so all known critical W3 string theories arise in this way. 
One convenient choice of matter system is to take the fields X to be D free bosons 
with a background charge a, chosen so that D + 12a^ = 25^. 

If Va is any of the physical vertex operators of the Ising system with dimension 
A = 0, ^ or ^ and V/j is a primary field of the X,b,c system with conformal 
dimension h, then the operator 




(5.1) 



provided that the central charge cx for the matter system is cx = 252- Moreover, 



Q^Qo + Q 



(5.2) 



v^cVh{x,b,c)VA{<f>,Pn) 



(5.3) 



will be Q-BRST invariant provided h + A — 1, so that with A — 0, ^ one can 
construct physical vertex operators using vertices of the c — 25^ matter theory 



19 



corresponding to states with intercepts 1, y| and There are also copies with c 
replaced with cdc. In the case in which the X are free bosons, all the physical 
states of the FF3 string in which the X fields can have continuous momenta are 
obtained in this way, and this has been verified explicitly for the first few levels 
[14-20]. 

However, this does not exhaust the physical states of the theory. Tensoring 
together the X system and this reahsation of the Ising model leads to extra physical 
states at discrete values of the momenta which are cohomology classes of Q but do 

not factor into products of Ising model states and X-states [17,14,15]. These arise 
in exactly the same way as the extra states that were found in the Ising model and 
can be understood in terms of singular vectors for the algebra generated by W and 
the total stress-tensor T (instead of just -|- T/3,7). 

The identity operator 1 is clearly BRST invariant, as is its conjugate 
cdcd'^c^d^d'^^d^^d^^. The picture-changing operator given by (2.8) is not in- 
variant under the total BRST charge Q and must be modified to become 
P' — [Q, 0] — P -\- cdcf) — qdc. It follows from (2.15) that the operator Vq — 
y(0,0) can be constructed from the identity operator by V{0,0){z) = RP{1) — 
§ dw'-i{w)e-^'i'^^'^^l^ P{z) and cVi(X)Vb will be BRST invariant for any X-space 
vertex operator Vi with weight h = 1. (Note that cRP{l) = cRP'{l) as the extra 
term involves cc = 0.) However, one would expect to be able to construct physical 
operators using the identity operator from the X, b, c system and a dimension zero 
operator from the Ising sector. The operator V{0, 0) = RP{^) is not invariant 
under the total BRST charge, but is invariant if P is replaced by P'. This gives a 
new physical operator RP'{1) = {cy + ^v^i977)e~^^/^, which is one of the dis- 
crete state vertex operators found in [15]. An infinite sequence of physical discrete 
states involving the identity operator from the X, b, c sector and a dimension zero 
operator from the Ising sector can be constructed from the identity operator by 
acting with S, P' , R, R on the identity operator: 
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V'{0,n) = [S^P'SPT'\1), 
V'{0, -n) = [RP'f+\l) 



V'{0,n) = SP'V{0,n) 



(5.4) 



These reduce to V{0,n),V{0,n) on replacing P' with P, and are manifestly in- 



is a discrete state of the X, b, c system and if the X, b, c system has extra discrete 
states, as will be the case if the X system consists of a single boson with back- 
ground charge, then there will be extra discrete states constructed by replacing 1 in 
(5.4) with the operators corresponding to these discrete states. All of the discrete 
states so far constructed for the Ws string arise in this way. 

Of particular interest is the case in which the extra matter fields consist of 
a single extra boson X with background charge. The theory so constructed is 
now seen to be precisely the Ising model coupled to two-dimensional gravity {i.e. 
Liouville theory) and this is known to have an infinite number of extra discrete 
physical states. This model can also be viewed as the critical W3 string constructed 
from the two-boson c = 100 reahsation of W3; this model and its discrete state 
structure has been analysed from the Ws point of view in [15]. From the present 
point of view, these arise because the X, b, c system has an infinite number of 
discrete states in its own right, and new discrete states are obtained by tensoring 
together discrete states from the X, b, c sector with ones from the 0, 7 sector, 
after replacing P with P'. 

For D bosons X, the model becomes equivalent to a system oi D — 1 free bosons 
without background charge (so their contribution to the central charge is D — 1) 
plus the c = I Ising model coupled to two-dimensional gravity, so that it could well 
be the case that some of the work on 14^3 strings could shed light on the coupling 
of two-dimensional gravity to c > 1 matter; in particular, the Ws string analysis 
shows that this theory must also have extra discrete states, but not as many as for 
the c < 1 matter theories. 



variant under the total BRST charge Q, since S, R, P' 



are. The identity operator 
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6. Other W-Strings and Other Minimal Models 



The discussion of the relation between the Ws string and the Ising model 

generaUscs to other W^-string theories [13,21] and minimal models. A simple gen- 
eralisation of (2.6) is the lagrangian 

L^d(f)d(f) + BW, W^-{d(f)y (6.1) 

s 

for a free boson subject to the constraint (90)* ~ 0, with B a spin-s gauge field. 
Quantising the theory in the gauge B — requires the introduction of an anti- 
commuting ghost 7 of spin 1 — s and an anti- ghost P of spin s. The naive BRST 
charge is of the form Q — J dz^W + ... and as in the s = 3 case it must be modified 
by higher derivative terms for Q to be nilpotent. The results of [21] give an explicit 
construction of a nilpotent BRST charge for s = 4, 5, 6 and there is an imphcit 
construction of Q from the BRST charge for Wg strings for all s. The stress-tensor 
is of the form (2.1) where 

= -^dcPdcP - qd^cP, Tp^ = -sl3d^ -{s- 1)9/^7 (6.2) 

and g is a background charge, which is determined by requiring [Q, T] = and 
given by [21] 

^ ~ 4(s + l) ^^■^> 

As in the spin-3 case, there is a Wqq symmetry generated by currents W^"^^ = 
(90)" -|- n — 2,3,4, ... which commute with the BRST operator. In this case, 
the currents of spin n > s are BRST trivial, and so topological, while the currents 
of spins 2, 3, s — 1 are BRST non-trivial. In particular, W^^^ — {Q, f3}. 

The total central charge of the 0, 7 system is 

Cs = 1 + 12g2 - 2(6^2 _ 6s + 1) = (6.4) 
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The A^'th minimal model Mm,n of the Wm algebra has central charge 



CM,N = (M - 1) 1 



M(M + 1) 



(6.5) 



and so (6.4) is Cg-i^si suggesting that this model could be the first minimal model 
of the Ws-i algebra. Defining the physical states to be the cohomology classes of 
the BRST operator Q gives a model with a discrete spectrum which the analysis 
of [21] shows to be consistent with the spectrum of the first Ws-i minimal model. 
Much of the analysis of this paper carries over straightforwardly to this case. 

The quantisation of the system (6.1) outlined above is not unique; for s = 4 
there are three nilpotent BRST charges with the correct classical limit, for s = 6 
there are four, while for s = 3 or s = 5 there is only one [21]. The different BRST 
charges correspond to different values of the background charge and hence of the 
central charge c. In addition to the models described above which exist for any s, 
there are then certain extra models which are not yet understood, but which may 
correspond to non-unitary minimal models. 

As in the case s = 3, a critical string theory can be constructed by adding 
an effective matter system X and ghosts 6, c to construct a total BRST charge 
(5. 1) , (5.2) which will be nilpotent provided the central charge of the effective matter 
system is 26 — Cg. This gives the W-string theories of [21], based on the quantization 

of certain W^-gravity theories first constructed in [3], which are seen to consist of 
c = 26 strings which include a Ws~i minimal model in its conformal matter sector. 

Another interesting class of models is found by considering the construction 
of Wn strings [13]. The Wjsi algebra is generated by the spin-two stress tensor T 
and currents W^^^ of spins s, s = 3, N. The construction of critical Wn string 
theories requires a matter sector which is a realisation of the Wn algebra whose 
central charge takes the critical value 



c% = 2(A^ - 1)(2A^2 ^ 2Ar + 1) 



(6.6) 



together with the usual conformal ghosts &, c plus the W-ghosts (5^^^ , 7*^*^ of spins 
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s, 1 — s, s = 3, N. One Wn matter realisation with critical central charge (6.6) 
[13] is given by taking an arbitrary conformal field theory X with central charge 

and adding N — 2 free bosons 0s (s = 3, . . . ,N) with background charge. The 
system given by these N — 2 scalars and the ghosts for s — 3,A,...,N 

has central charge CN-min- A BRST charge has not been constructed explicitly 
ioT N > 3, but it seems reasonable to expect that such charges exist, and that 
they can be written in the form Q — Qo + Qn, where Qo is the usual Virasoro 
BRST operator (5.1) and Qjv acts only on the (0s, f3s, Is) system. Then the model 
defined by restricting the (0s, /3s, 7s) system to the cohomology classes of Qat is 
a conformal field theory with the central charge of the A^'th Virasoro minimal 
model and the results of [13] for the spectrum of this model are consistent with the 
identification of this model with the iV'th Virasoro minimal model. Then the Wn 
string based on this realisation of Wn is, at tree level, a c = 26 string whose matter 
sector consists of the A'"'th Virasoro minimal model, plus an arbitrary conformal 
field theory with central charge (6.7). 

There are undoubtedly many similar free boson and ghost models which corre- 
spond to minimal models. As far as I am aware, all known frcc-ficld representations 
of l^-algebras are of the form (X, 0) , where X are the fields of some conformal field 
theory on which the higher-spin W-generators do not act* plus some extra bosons 
0, which have the property that combining the bosons with the 1^-ghosts /3, 7 
(and truncating using a BRST operator) gives a minimal model. Using such a W- 
representation to construct a W-string theory will always give a normal Virasoro 
string which includes a minimal model sector, with the W-symmetry acting only 
within the minimal model sector. It would be interesting to find representations of 
W-algcbras which are not reducible in this way, as they would offer the prospect 
of truly new W-strings. 

★ i.e. there is a non-primary basis for the generators of the W-algebra for which this is so. 
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